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The triple neutral gauge boson and direct U(1)Y-neutrino interactions, being absent in ordi-
nary field theory, can arise quite naturally in noncommutative gauge field theories. Using non-
perturbative methods and a Seiberg-Witten map based covariant approach to noncommutative
gauge theory, we have found θ-exact expressions for both interactions, thereby eliminating previ-
ous restrictions to low-energy phenomena. In particular we obtain for the first time the covariant,
θ-exact, triple neutral gauge boson interactions within the noncommutative Standard Model gauge
sector including an additional gauge-field deformation freedom. Finally we discuss implications for
Z → γγ and Z → ν¯ν decays, and show that our results behave quite reasonably throughout all
interaction energy scales.
PACS numbers: 11.10.Nx, 13.15.+g, 26.35.+c, 98.70.Sa
I. INTRODUCTION
After the string theory had indicated that noncommu-
tative (NC) gauge field theory (GFT) could be one of
its low-energy effective-theory realisation [1], the stud-
ies on noncommutative particle phenomenology started
their development [2, 3]. The aim of the present pa-
per is to find possible experimental signatures and pre-
dict/estimate bounds on the NC spacetime from collider
physics experimental data, in particular from the Stan-
dard Model (SM) forbidden, earlier introduced and very
well known Z → γγ decay mode as well as the invisible
Z → ν¯ν decay. The NC contributions are for the latter
decay are analyzed and discussed first time in this article.
Nice progress has been obtained in the Seiberg-Witten
(SW) maps and enveloping algebra based models where
one could deform commutative gauge theories with arbi-
trary gauge group and representation [4–10, 12]. Possible
constraints on the U⋆(1) charges [13] are also rescinded in
this approach. The noncommutative extensions of parti-
cle physics models like the covariant noncommutative SM
(NCSM) and the NC GUT models [10–12, 14–19] were
constructed. These allow a minimal (no new particle
content) deformation with the sacrifice that interactions
include infinitely many terms defined through recursion
over (and in practice the cut-off at a certain order of) the
NC parameter θµν . There were also other studies with
NC modifications of the particle-physics theory [20–24].
Studies of divergences have been performed since the
early stage of the NC QFT development [25]. Later on
trouble-free one-loop quantum corrections to noncom-
mutative scalar φ4 theories [26–28] and the NC QED
[29] have been obtained. Also the SW map expanded
NCSM [10, 14, 15, 17] at first order in θ, albeit breaking
the Lorentz symmetry is found to be anomaly free [30],
having also well-behaved one-loop quantum corrections
[20, 31–37].
At θ-order there are two important interactions that
are suppressed and/or forbidden in the SM, the triple
neutral gauge boson interaction [14, 15, 17], and the tree
level coupling of neutrinos to photons [38, 39], respec-
tively. Here the expansion and cut-off in powers of the
NC parameters θµν corresponds to an expansion in mo-
menta, restricting the range of validity to energies well
below the NC scale ΛNC. Usually, this is no problem
for experimental predictions because the lower bound on
the NC parameters θµν = cµν/Λ2NC (the coefficients c
µν
being of order one) runs higher than typical momenta in-
volved in a particular process. However, there are exotic
processes in the early universe as well as those involving
ultra high energy cosmic rays [40–43] in which the typical
energy involved is higher than the current experimental
bound on the NC scale ΛNC. Thus, the previous θ-cut-off
approximate results are inapplicable. To cure the cut-off
approximation, we are using θ-exact expressions, inspired
by the exact formulas for the SW map [8, 44–47], and
expand in powers of gauge fields, as we did in [42]. In θ-
exact models we have studied the UV/IR mixing [48, 49],
the neutrino propagation [50] and also some NC photon-
neutrino phenomenology [40–43], respectively.
Due to the presence of the UV/IR mixing the θ-exact
model is generally regarded as not perturbatively renor-
malizable, thus the relation of quantum corrections to ob-
servations is not entirely clear [51]. However, recently we
observed that certain possibility of reducing the severity
of divergences using constraints on both the deformation
freedom and noncommutative parameter θ [49, 50, 52]
could occur. In a noncommutative U(1) model we found
that via the combination of deformation freedom and ap-
propriate choices of the noncommutative parameter θ,
one could remove all divergences from both the one-loop
neutrino (neutral fermion) and photon self-energy. In
particular there exists a particular combination where
the photon self-interaction contribution to photon self-
energy reduces to a single finite term [52]. A deforma-
2tion freedom was also shown recently to be capable of
suppressing the divergent structures at one-loop and first
order in the noncommutative parameter θ [31–37].1 As-
suming that controls over divergences in noncommutative
phenomenological models could be made available, either
in the θ-expanding or in the θ-exact approach, tree level
amplitudes will always serve as the leading order con-
tribution to the relevant particle physics process in such
models given perturbation theory is trustable.
In the particular context of the UV/IR mixing prob-
lem it is also very important to mention a complementary
approach [53, 54] where NC gauge theories are realized
as effective QFTs, underlain by some more fundamen-
tal theory such as string theory. It was claimed that for
a large class of more general QFTs above the UV cut-
off the phenomenological effects of the UV completion
can be quite successfully modeled by a threshold value
of the UV cutoff. So, in the presence of a finite UV
cutoff neither sort of divergence will ever appear since
the problematic phase factors effectively transform the
highest energy scale (the UV cutoff) into the lowest one
(the IR cutoff). What is more, not only the full scope of
noncommutativity is experienced only in the range de-
limited by the two cutoffs, but for the scale of NC high
enough, the whole standard model can be placed below
the IR cutoff. In such a way the UV/IR mixing problem
becomes hugely less pressing, making, at the same time,
a study of the theory at the quantum level much more
reliable.
To study triple neutral gauge boson couplings, in this
report we construct the θ-exact pure gauge-sector action
of the SU(2) × U(1) gauge group, while for the NC Z-
boson-neutrino and photon-neutrino interactions we are
using the actions from [12]. We compute only tree level
processes and therefore treat the NC model as an effec-
tive theory only. The decay of Z boson into two photons
has been used to predict possible experimental signatures
of the NCSM [14, 15, 17, 24]. Since by Bose-symmetry
and rotational invariance arguments [55] any vector par-
ticle cannot decay into two massless vector particles, this
forbidden decay has very little background from the stan-
dard model. Fixing θ spontaneously breaks C, P, and/or
CP discrete symmetries [16]. See also general discussions
on the C,P,T, and CP properties of the noncommutative
interactions in [56], and in the case of our model a discus-
sion given in [57, 58]. A breaking of C symmetry occurs
in the Z → γγ process. One common approximation in
those existing works is that only the vertices linear in the
NC parameter θ were used.
In this work we extend the NCSM gauge sector actions
for first time to all orders in θ. Next we discuss the
1 Photon self-energy can be controlled at any order of θ-expansion
when such parameters are allowed to be renormalized [20]. It
may also worth notice that in a θ-exact treatment the momentum
power series sum into phase shifts, therefore do not increase the
superficial UV divergent order.
decay widths Γ(Z → γγ) and Γ(Z → νν) as functions of
the NC scale ΛNC for space/light-like noncommutativity
which are allowed by the unitarity conditions [59, 60].
II. NCSM GAUGE SECTOR IN A θ-EXACT
MODEL OF THE NCSM
As usual we consider the star(⋆)-product formalism for
quantum field theory on the deformed Moyal space with
a constant NC parameter θ. We start with a θ-exact
hybrid SW-map expansion of the noncommutative gauge
field Vˆµ in the terms of component commutative fields,
Vˆµ = V
a
µ T
a −
1
8
θρτ
[{
V aρ
⋆2, (∂τVµ + Fτµ)
b
}{
T a, T b
}
+
{
V aρ
⋆
2′, (∂τVµ + Fτµ)
b
}[
T a, T b
]]
. (1)
Besides the star(⋆)-commutator term, starting at first
order of θ, one gets a ⋆-anticommutator term starting
at second order in θ. The generalized star products: ⋆2
and ⋆2′ [12, 44, 48, 49], have the following definitions and
properties:
φ(x) ⋆2 ψ(x) = ψ(x) ⋆2 φ(x)
=
sin ∂1θ∂22
∂1θ∂2
2
φ(x1)ψ(x2)
∣∣∣∣
x1=x2=x
,
[
φ ⋆, ψ
]
= iθρτ∂ρφ ⋆2 ∂τψ, (2)
φ(x) ⋆2′ ψ(x) = −ψ(x) ⋆2′ φ(x)
=
cos ∂1θ∂22 − 1
∂1θ∂2
2
φ(x1)ψ(x2)
∣∣∣∣
x1=x2=x
,
{
φ ⋆, ψ
}
−
{
φ, ψ
}
= θρτ∂ρφ ⋆2′ ∂τψ, (3)
where ⋆2 is symmetric and ⋆2′ antisymmetric in its argu-
ments. Both star products are nonassociative.
The noncommutative action is defined in the usual way
[31, 38, 39, 48]
S =
∫
−
1
2
Tr Fˆµν ⋆ Fˆµν + i
¯ˆ
Ψ ⋆ /DΨˆ , (4)
with definitions of the noncommutative covariant deriva-
tive and field strength resembling the corresponding ex-
pressions of non-abelian Yang-Mills theory:
DµΨˆ = ∂µΨˆ− i[Vˆµ ⋆, Ψˆ],
Fˆµν = ∂µVˆν − ∂ν Vˆµ − i[Vˆµ ⋆, Vˆν ]. (5)
Noncommutative fields (Vˆµ, Ψˆ) in above action are im-
ages of the corresponding commutative fields Vµ and Ψ
under hybrid SW-map.
Starting with equations (1) and (5), from the action
(4) we obtain the following gauge-action-part written in
3terms of the commutative component gauge fields:
Sg =
−1
2
∫ ∑
a,b
tr(TaTb)F
a
µνF
bµν −
∫ ∑
a,b,c
{
trTa{Tb, Tc}
· F aµν
[
θρτ∂µ
(
V bρ ⋆2 (∂τV
c
ν + F
c
τν)
)
+ i[V bµ
⋆, V cν ]
]
+ trTa[Tb, Tc]F
aµν
[
i
(
{V bµ
⋆, V cν } − {V
b
µ , V
c
ν }
)
− θρτV bρ ⋆2′ (∂τV
c
ν + F
c
τν)
]}
. (6)
The two traces trTa[Tb, Tc] and trTa{Tb, Tc} are both
well known in the representation theory of Lie alge-
bras. The first one is proportional to the structure con-
stant fabc, with the quadratic Casimir as its coefficient,
trTa[Tb, Tc] = itrTafdbcTd = iAfabc. Thus the different
gauge sectors do not mix in this part of the action.
The second trace is slightly more complicated as it
is connected with details of representation of the gauge
group (we denote it as Babc). Also, using the generalized
star product ⋆2, we can rewrite the star-commutator as
i[V bµ
⋆, V cν ] = −θ
ρτ∂ρV
b
µ ⋆2 ∂τV
c
ν , and obtain:
Sg =
∑
a
A
∫
F aµνF
aµν
−
∑
a,b,c
Babc
∫
θρτF aµν
[
∂µ
(
V bρ ⋆2 (∂τV
c
ν + F
c
τν)
)
− ∂ρV
b
µ ⋆2 ∂τV
c
ν
]
+ ... = Sgauge + .... (7)
After a series of partial integrations and by noting that
Babc is totally symmetric under the permutations of a, b
and c, one arrives at the action
Sgauge = A
∫
F aµνF
aµν (8)
−Babc
∫
θρτF aµν
(
1
4
F bρτ ⋆2 F
c
µν − F
b
µρ ⋆2 F
c
ντ
)
+ ....
Here we see that the three gauge boson mixing coupling
terms is controlled by the cubic Casimir Babc and
contain only the generalized star-product ⋆2. When ⋆2 is
reduced to unity by a θ-expansion, this formula recovers
the prior first order result in [14]. Babc is in general
group and representation dependent. It reflects a few
common properties:
• Babc takes on the opposite sign for a representation
and its complex conjugate;
• Babc vanishes for the adjoint representation of any Lie
group;
• Babc vanishes for any simple Lie group except
SU(N ≥ 3).
For this reasons, SO(10) and E6 GUT models have
no additional noncommutative triple gauge boson cou-
plings which are forbidden in the standard model (this
attribute was qualified as the “uniqueness” of the non-
commutative GUT model in [16]). Furthermore when the
trace in the standard model is computed using genera-
tors descended from non-SU(N ≥ 3) simple gauge groups,
for example from SO(10) or E6 GUTs, there is no such
coupling either. The standard model and SU(5) GUT
were studied before [11, 14, 16, 17] as both could accom-
modate the neutral boson mixing couplings γγγ, Zγγ,
ZZγ, γGG, ZGG, and ZZZ. Since in SU(5) GUT all
heavy gauge bosons are charged, the standard model neu-
tral boson coupling has covered all the cases. To intro-
duce possible extra neutral gauge bosons, one may con-
sider models with left-right symmetry like the Pati-Salam
SU(4) × SU(2) × SU(2) [61] or trinification SU(3)3 × Z3
[62]. In the Pati-Salam model, the vanishing of Babc for
SU(2) forces all mixing to arise from the SU(4) sector,
that is, Y Y Y , Y GG (and GGG) couplings only, thus no
mixing will include heavy gauge bosons. The SU(4) sec-
tor has either 4 or 4¯ representation. Therefore, up to
normalization the following terms
trY {Y, Y } = −
8
9
, trY {Ga, Gb} = δab,
trGa{Gb, Gc} = dabc(3) , (9)
are the only non-vanishing neutral-boson coupling com-
ponents. The trinification SU(3)3 × Z3 seems more
promising since the left and right symmetry group are
both SU(3). However, in this model, all matter mul-
tiplets are of Z3 symmetric (3, 3¯, 1) ⊕ (3¯, 1, 3) ⊕ (1, 3, 3¯)
type. Thus, when Z3 is maintained, all mixing couplings
cancel between 3 and 3¯.2
In order to obtain the NCSM triple neutral gauge
boson (TGB) interaction terms, in accordance with
[10, 11, 14–17], we return to the standard model gauge
group, GSM = U(1)Y × SU(2)L × SU(3)C, write the SM
gauge potential as
V µ = gYA
µY + gL
3∑
a=1
BµaT
a
L + gC
8∑
b=1
Gµb T
b
C , (10)
and choose to sum in the action over all particle represen-
tations of the standard model. There are five multiplets
of fermions and one Higgs multiplet for each generation,
so we assign six arbitrary weights αi, i = 1...6, to each of
them. Considering triple-gauge boson couplings we find
2 An analogues conclusion was drawn from the analysis of the
NCSM gauge sector at first order in θ [31]. Also note that to
exploit the possibility of Z′γγ coupling one could probe, for
example, the left-right symmetric electroweak model SU(3)L ×
SU(3)R × U(1)X [63].
4the following non-vanishing elements to be
trY {T iL, T
j
L} = trT
i
L{Y, T
j
L} = trT
i
L{T
j
L, Y },
trY {T iC , T
j
C} = trT
i
C{Y, T
j
C} = trT
i
C{T
j
C , Y },
trT iC{T
j
C , T
k
C} = A2C · d
ijk, and trY 3. (11)
Expanding all possible cyclic permutation explicitly one
reaches the following θ-exact result for the SM gauge bo-
son mixing coupling:
Sgauge = S
SM
gauge (12)
+ g3Y κ1
∫
θρτ fµν
(
1
4
fρτ ⋆2 fµν − fµρ ⋆2 fντ
)
,
+ gY g
2
Lκ2
∫ 3∑
i=1
θρτ
[
Bµνi
(
1
4
fρτ ⋆2 B
i
µν − 2fµρ ⋆2 B
i
ντ
)
+ fµν
(
1
2
Biρτ ⋆2 B
i
µν −B
i
µρ ⋆2 B
i
ντ
)]
,
+ gY g
2
Cκ3
∫ 8∑
j=1
θρτ
[
Gµνj
(
1
4
fρτ ⋆2 G
j
µν − 2fµρ ⋆2 G
j
ντ
)
+ fµν
(
1
2
Gjρτ ⋆2 G
j
µν −G
j
µρ ⋆2 G
j
ντ
)]
.
The couplings of the model κi, i = 1, 2, 3, as functions
of the six weights αi, are parameters of the model:
κ1 =
1
2
(
−α1 −
α2
4
+
8α3
9
−
α4
9
+
α5
36
+
α6
4
)
,
κ2 =
1
2
(
− α2 + α5 + α6
)
,
κ3 =
1
2
(
2α3 − α4 + α5
)
, (13)
with weights satisfying the positivity conditions,
αj > 0, ∀j, j = 1, ..., 6. (14)
In order to restore the coupling constants, αi’s must sat-
isfy three GSM constraints [14]
1
g2Y
= 2α1 + α2 +
8α3
3
+
2α4
3
+
α5
3
+ α6,
1
g2L
= α2 + 3α5 + α6,
1
g2C
= α3 + α4 + 2α5. (15)
Solutions to the above system of six equations and six
inequations are given in [14, 15]. Additional details of
the model are given in [17, 31].
After performing the electroweak (EW) symmetry
breaking, from the action (12) we extract the Z boson-
photon and other TGB couplings in terms of the physical
fields, which are not present in the commutative SM,
LZγγ =
[
g3Y κ1 sinϑW cos
2 ϑW
+gY g
2
Lκ2
(
sin3 ϑW − 2 sinϑW cos
2 ϑW
)]
· θρτ
[
2Zµν
(
2Aµρ ⋆2 Aντ −Aµν ⋆2 Aρτ
)
+Aµν
(
8Zµρ ⋆2 Aντ − Zρτ ⋆2 Aµν
)]
, (16)
where Aµν = ∂µAν − ∂νAµ and Zµν = ∂µZν − ∂νZµ,
being the Abelian quantities.
Following the observations in [24, 31, 32, 52], one no-
tice that introducing a further deformation in the gauge
boson coupling may improve the quantum property of the
model. This gauge deformation freedom κg can be intro-
duced into (16) to reach a θ-exact Zγγ coupling equiv-
alent to the linear-in-θ one given in [31], preserving, at
the same time, the U(1) gauge symmetry. The modified
interaction then read:
LZγγ(κg) =
e
4
sin 2ϑW KZγγ θ
ρτ (17)
·
[
2Zµν
(
2Aµρ ⋆2 Aντ − κgAµν ⋆2 Aρτ
)
+Aµν
(
8Zµρ ⋆2 Aντ − κgZρτ ⋆2 Aµν
)]
,
where the EW symmetry breaking, via some redefini-
tions, induces new dimensionless TGB coupling constant
KZγγ =
1
2
[
g2Y κ1 + (g
2
Y − 2g
2
L)κ2
]
. (18)
Other interactions, like Lγγγ(κg), could be obtained in
the same way. The deformation parameter κg is origi-
nally set to be one, however κg = 3 has been found to
be improving the quantum property of several related
models [31, 32, 52]. Thus we shall do our phenomeno-
logical analysis of Z → γγ decays for both values, i.e.
for κg = 1, 3. All new redefined dimensionless coupling
constants Kγγγ, KZγγ , ..., appears as a consequence of
the EW symmetry breaking procedure, and were first in-
troduced in [14, 15, 17]. It is important to note that
particularly interesting coupling KZγγ could also receive
the zero value. See details in [14, 15].
In this work we focus on the partial width of the
Z → γγ decay arising from θ-exact Lagrangian (17).
The gauge-invariant amplitude MZ→γγ for the Z(k1)→
γ(k2) γ(k3) decay in the momentum space reads
MZ→γγ = −2e sin 2ϑW KZγγF⋆2(k1, k2) (19)
· Θµνρ3 (κg; k1,−k2,−k3)ǫµ(k1)ǫν(k2)ǫρ(k3),
where momentum dependent function
F⋆2(k1, k2) =
sin k1θk22
k1θk2
2
, (20)
5comes from the ⋆2-product in Lagrangian. The tensor
Θµνρ3 (κg; k1, k2, k3), is given by
Θµνρ3 (κg; k1, k2, k3) = − (k1θk2)
·
[
(k1 − k2)
ρgµν + (k2 − k3)
µgνρ + (k3 − k1)
νgρµ
]
− θµν
[
kρ1 (k2k3)− k
ρ
2 (k1k3)
]
− θνρ
[
kµ2 (k3k1)− k
µ
3 (k2k1)
]
− θρµ
[
kν3 (k1k2)− k
ν
1 (k3k2)
]
+(θk2)
µ
[
gνρ k23 − k
ν
3k
ρ
3
]
+ (θk3)
µ
[
gνρ k22 − k
ν
2k
ρ
2
]
+(θk3)
ν
[
gµρ k21 − k
µ
1 k
ρ
1
]
+ (θk1)
ν
[
gµρ k23 − k
µ
3 k
ρ
3
]
+(θk1)
ρ
[
gµν k22 − k
µ
2 k
ν
2
]
+ (θk2)
ρ
[
gµν k21 − k
µ
1 k
ν
1
]
+(κg − 1) (θk1)
µ
[
gνρ (k3k2)− k
ν
3k
ρ
2
]
+(κg − 1) (θk2)
ν
[
gµρ (k3k1)− k
µ
3 k
ρ
1
]
+(κg − 1) (θk3)
ρ
[
gµν (k2k1)− k
µ
2 k
ν
1
]
, (21)
where the 4-momenta k1, k2, k3 are taken to be incoming,
satisfying the momentum conservation (k1+k2+k3 = 0).
In (21) the deformation freedom parameter κg appears
symmetric in physical gauge bosons which enter the in-
teraction point, as one would expect. For κg = 1, the
tensor (21) becomes the tensor Θ3((µ, k1), (ν, k2), (ρ, k3))
from [17]. It is straightforward to see that k1µΘ
µνρ
3 =
k2νΘ
µνρ
3 = k3ρΘ
µνρ
3 = 0, i.e. Θ
µνρ
3 (κg; k1, k2, k3) respects
the aforementioned U(1) gauge symmetry.
III. Z DECAYS
To illustrate certain physical effects of our deformed
θ-exact construction, we compute the Z → γγ and Z →
νν¯ decay rates in the Z–boson rest frame, which is then
readily to be compared with the precision Z resonance
measurements on e+e− colliders, where Z is produced
almost at rest.
A. The NCSM Z → γγ decay rate
The partial Z → γγ decay width obtained from (19)
reads
Γ(Z → γγ) =
α
24
sin2 2ϑWK
2
ZγγMZ
·
[
− 8
((
κg
(
9κg − 34
)
+ 35
)
+ 2
| ~Bθ|
2
| ~Eθ|2
+
(
κg − 1
)(
κg + 3
)( ~Eθ ~Bθ)2
| ~Eθ|4
)
+
(
2
(
κg
(
11κg − 42
)
+ 43
)
+
(
κg
(
κg + 2
)
+ 5
) | ~Bθ|2
| ~Eθ|2
+
(
κg − 1
)(
κg + 3
)( ~Eθ ~Bθ)2
| ~Eθ|4
)
·
(
M2Z |
~Eθ| Si
(1
2
M2Z |
~Eθ|
)
+ 2 cos
(1
2
M2Z |
~Eθ|
))
+ 2
(
−
(
κg − 1
)(
κg + 3
) | ~Bθ|2
| ~Eθ|2
(
1− 3
(
~Eθ ~Bθ
)2
| ~Eθ|2| ~Bθ|2
)
+ 2
(
κg
(
7κg − 26
)
+ 27
)) sin(12M2Z | ~Eθ|)(
1
2M
2
Z |
~Eθ|
)
]
,
(22)
where we have used the following notation θ2 = (θ2)µµ =
θµνθ
νµ = 2
(
~E2θ −
~B2θ
)
, and | ~Eθ| ∼ | ~Bθ| ∼ 1/Λ
2
NC. In
(22) Si is the sine integral function, Si(z) =
∫ z
0 dt
sin t
t .
Expanding Si and trigonometric functions in power se-
ries, one can easily show that the partial width (22) re-
covers the prior leading order result in [24]
Γ(Z → γγ) =
α
72
sin2 2ϑWK
2
ZγγM
5
Z
·
[(
13κ2g − 50κg + 51
)
| ~Eθ|
2
+
(
κ2g + 2κg + 3
)
| ~Bθ|
2
]
+O
(
Λ−8NC
) (23)
The θ-exact rate (22) differs considerably from the rate
(23) obtained at the θ-first order in the SW/enveloping
algebra θ-expanded model [24]. Difference appears due to
the simultaneous presence of the θ-exact model function
F⋆2(k1, k2), and of the deformation freedom parameter
κg. Both objects (F⋆2 and κg) together produce new, pre-
viously unknown, mixing term: (κg− 1)(κg+3)( ~Eθ ~Bθ)
2,
which vanishes for κg = 1,−3, ~Eθ = 0, ~Bθ = 0 or
~Eθ ⊥ ~Bθ. So, unlike the first order rate which depends
only on the lengths of ~Eθ and ~Bθ, the θ-exact rate has
one more higher order rotation invariant term ( ~Eθ ~Bθ)
2,
which would measure the relative angle between ~Eθ and
~Bθ. At the traditional (undeformed gauge interaction)
point κg = 1 one would not see this effect.
6In the Z-rest frame the Z-momenta are reduced to the
time-like component only, therefore k1θk2 = MZ ~Eθ · ~k2.
Thus the ~Bθ component does not contribute to the F⋆2 -
function. Consequently, the θ-exact rate equals to the
first order result for space-like noncommutativity as ex-
pected. For light-like noncommutativity (also preserving
unitarity [60]) the full NC effect will be still exhibited.
B. The NCSM Z → νν¯ decay rate
Since the complete, θ-exact Zνν interaction on noncom-
mutative spaces was discussed in details in [12], we shall
not repeat it here. We only give the Zνν¯ vertex, which
was first time derived in our previous paper [12]:
ΓZνl ν¯l′ = i
e
sin 2ϑW
{[
γµ +
i
2
F•(q, kl)
·
3∑
n=1
U∗l′nUln
(
(qθkl)γ
µ + (θq)µ/kl − (θkl)
µ/q
)]
1− γ5
2
+
3∑
n=1
N+3∑
n′=4
(
(θkl)
µUl′n(m
D
n(n′−3))
∗Uln′
1− γ5
2
+
(
(θq)µ − (θkl)
µ
)
U∗l′nm
D
n(n′−3)U
∗
ln′
1 + γ5
2
)}
+
κe
2
tanϑW
{
F⋆2(q, kl)δll′
[
(qθkl)γ
µ
+ (θq)µ(/kl −ml)− (θkl)
µ/q
]}
,
(24)
where U is the mixing matrix, and mD denotes the Dirac
mass part of the mass matrix
M =
(
0 mD
(mD)T mM
)
. (25)
Indices l, l′ runs from 1 to N + 3 and denote the N + 3
neutrino mass eigenstates. The momentum dependent
factor
F•(q, kl) :=
(e−i
qθkl
2 − 1)
−i qθkl2
. (26)
arising from generalized ⋆-products, while the constant κ
measures a correction from the chiral blind ⋆-commutator
coupling between neutrinos and Z boson. It vanishes
in the commutative limit therefore may be arbitrarily
large. The non-κ-proportional term, on the other hand,
is the noncommutative deformation of standard model
Z-neutrino coupling, which involves the left handed neu-
trinos only. For details see section four in [12].
For simplicity we set all neutrino masses to be zero
in this paper. Then for massless on-shell neutrinos the
terms
[(θq)µ/kl − (θkl)
µ/q] (1− γ5), (27)
in the vertex (24) do not contribute to the Z → νν¯ am-
plitude due to the equations of motions. Thus the vertex
(24) can be written in a form similar to the SM vertex
ig
2 cosϑW
γµ (gV − gAγ5), (28)
with
gV = 1−
1
2
exp
(
i
MZ
2
~p ~Eθ
)
+ 2iκ sin2 ϑW sin
(MZ
2
~p ~Eθ
)
, (29)
gA = 1−
1
2
exp
(
i
MZ
2
~p ~Eθ
)
. (30)
Using above vertex we obtain the following Z → νν¯
decay partial width
Γ(Z → νν¯) = ΓSM(Z → νν¯) + Γκ(Z → νν¯)
= ΓSM(Z → νν¯)
+
α
3MZ | ~Eθ|
[
κ
(
1− κ+ κ cos 2ϑW
)
sec2 ϑW cos
(1
4
M2Z | ~Eθ|
)
− 8 csc2 2ϑW
]
sin
(1
4
M2Z |
~Eθ|
)
+
αMZ
12
[
− 2κ2 +
(
κ(2κ− 1) + 2
)
sec2 ϑW + 2 csc
2 ϑW
]
= ΓSM(Z → νν¯) +
αM5Z |
~Eθ|
2
288
[
2 csc2 2ϑW
+ κ
(
(2κ− 1) sec2 ϑW − 2κ
)]
+O
(
Λ−8NC
)
,
(31)
whose NC part vanishes when ~Eθ → 0, i.e. for vanishing
θ or space-like noncommutativity, but not light-like. As
before, in the Z-rest frame the Z-momenta are reduced to
the time-like component only, therefore qθk = MZ ~Eθ~k,
and the ~Bθ component does not contribute to the F⋆2
and F• functions, respectively.
IV. DISCUSSION AND CONCLUSION
In the last section we have shown that the tree level tri-
particle decays (Z → γγ, νν¯) in the covariant noncom-
mutative quantum gauge theory based on Seiberg-Witten
maps can be computed without an expansion over the
noncommutative parameter θ. We obtained for the first
time covariant θ-exact triple neutral gauge boson inter-
actions within the NCSM gauge sector. For computation
of the invisible Z-decays we have also needed to use θ-
exact Zνν¯ interactions constructed for the first time in
[12].
Focusing on Z decays into two photons and two neu-
trinos, we have reconsidered previous computations that
were done with less sophisticated tools and derived new
7bounds on the scale of noncommutativity. Let us present
here our phenomenological results and compare to those
obtained previously. Noncommutative, especially the θ-
exact computations are always prone to the question of
nonlocal quantum corrections. However several prior re-
sults [31–37, 49, 50, 52] have shown that the severity of
the novel divergent behavior can be put under control by
adjusting the aforementioned deformation parameter(s).
We are positive that such a control could be extended
across an even broader spectrum. And the tree level
amplitude evaluation is of considerable phenomenologi-
cal importance all the time. In the following we include
certain variations of the deformation parameter to illus-
trate its phenomenological effect too.
(I) First, we shall perform our analysis of Z → γγ de-
cays for the two unitarity preserving cases: that is for
the light-like and for the space-like noncommutativity,
respectively. Second, since the divergent quantum prop-
erties of our NCSM gauge sector are controlled by two
deformation parameter highlighted values: κg = 1, 3, we
shall do our numerical analysis for those two values, too.
Now we define the ratio Γ(Z → γγ)/Γ(Z)tot,SM where
Γ(Z)tot,SM = (2.4952± 0.0023) GeV is the Z–boson full
width [64]. The Z–boson mass isMZ = (91.1876±0.0021)
GeV, the Weinberg angle sin2 ϑW = 0.23116, and the fine
structure constant α equals 1/137.036, [64].
Figure 1 displays main results for the ratio Γ(Z →
γγ)/Γ(Z)tot,SM based on Eq. (22), as a function of the
scale of noncommutativity ΛNC, for fixed coupling con-
stant |KZγγ | = 0.33, and for two choices of deformation
parameter κg = 1, 3, respectively.
Figure 2 magnifies the low NC scale regime of Fig
1 for fixed coupling constant |KZγγ | = 0.33, for fixed
gauge-deformation parameter κg = 3, and with one more
curve for the full rank θµν [52] added.3 Note that the
first order result for κg = 3 becomes
Γ(Z → γγ) =
α
4
sin2 2ϑWK
2
ZγγM
5
Z
(
| ~Eθ|
2 + | ~Bθ|
2
)
+O
(
Λ−8NC
)
,
(32)
with the two lengths | ~Eθ| and | ~Bθ| weighing exactly the
same. Therefore the first order result for all three θ
choices in Figure 2 coincide with the full result for
space-like θ, while the θ-exact results access the differ-
ence among θµν choices at low NC scales.
An important consequence of this paper is that the
coupling KZγγ and the NC scale ΛNC are indepen-
dent parameters, whereas in the θ-expanded models (lin-
ear in θ) experiments measure always the combination
|KZγγ |
2/Λ4NC.
Furthermore, at very ΛNC low scales the full θ-exact
decay rate is sensitive to the tensor structure of the θµν
3 The unitarity issue in the one-loop photon two point function of
[59, 60], is shown to be absent for the same full rank θ in the
U(1) model of [52] with deformation κg = 3.
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FIG. 1: Γ(Z → γγ)/Γ(Z)tot,SM vs. ΛNC, for fixed coupling
constant |KZγγ | = 0.33. The black horizontal line is the ex-
perimental upper limit Γ(Z → γγ)/Γ(Z)tot,SM < 5.2 · 10−5
[64]. Dashed and solid curves correspond to the gauge de-
formation freedom parameter κg = 1, 3, respectively. Red
corresponds to the light-like case | ~Eθ| = | ~Bθ | = 1/
√
2Λ2NC
and ~Eθ ~Bθ = 0, (overlapped with ~Eθ ~Bθ = 1/2Λ
4
NC). Black is:
| ~Eθ| = ~Eθ ~Bθ = 0, and | ~Bθ | = 1/Λ2NC.
tensor for κg 6= 1,−3, as shown in Fig 2. However, these
differences are not relevant when the NC scale is much
larger than the Z-boson mass. This fact is quite trans-
parent from both Figs, 1, and 2, respectively. In order to
maximize the Z → γγ rate, in the above analyzes we have
used the maximal allowed value |KZγγ | = 0.33 computed
and given in figures and tables of [15]. This is differ-
ent with respect to the analysis of the rate computed at
the first order in θ in [24], where the lower central value
from the figures and the tables in [15] |KZγγ | = 0.05 was
used. Anyhow the ratio of two values |0.33/0.05|2 ≃ 43,
is representing just an overall shift-factor, in any analy-
sis. Finally it is important to note that coupling KZγγ
could also receive the zero value, thus producing zero rate
for the Z → γγ decay.
Inspecting Fig. 1 we see that current experimental up-
per limit Γ(Z → γγ)/Γ(Z)tot,SM < 5.2 · 10
−5 [64] is way
too weak to produce any meaningful constraint on the
scale of noncommutativity. However, we can certainly ex-
pect that further analysis of the LHC experiments would
significantly improve the current limit on the Z → γγ
partial width. Also Fig. 1 clearly shows that, for ex-
ample, for ratio as low as ∼ 10−15, our noncommutative
scale is ΛNC
>
∼ 100 TeV, thus unobservable at the LHC
energies.
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FIG. 2: Γ(Z → γγ)/Γ(Z)tot,SM vs. ΛNC at very small ΛNC
scales, and for fixed coupling |KZγγ | = 0.33, and freedom
κg = 3. Here the space-like case | ~Eθ| = ~Eθ ~Bθ = 0, | ~Bθ| =
1/Λ2NC, and which equals to the first order approximation for
space-like, light-like and full rank θ is given in solid (blue) line.
The light-like case, | ~Eθ| = | ~Bθ | = 1/
√
2Λ2NC, ~Eθ ⊥ ~Bθ is given
in dotted (red) and full rank θ, | ~Eθ| = | ~Bθ | = 1/
√
2Λ2NC, ~Eθ ‖
~Bθ in dashed (green) curve, respectively. Small but visible
deviation can be seen between dotted and dashed curves.
(II) Solely new analysis of the NC contributions to
the Z → νν¯ decay mode rate (31) is presented next.
A comparison of the experimental Z → νν¯ decay width
Γinvisible = (499.0±1.5) MeV [64] with its SM theoretical
counterpart, allows us to set a constraint ∆Γ = Γ(Z →
νν¯) − ΓSM(Z → νν¯) . 1 MeV, from where a bound on
the scale of noncommutativity ΛNC = | ~Eθ|
−1/2 >∼ 120
GeV is obtained (see Fig. 3), for both choices κ = 0, 1.
It is worth to notice that since (31) depends only on
Eθ the effect exists only for Eθ 6= 0. Thus Fig. 3 does
not include the space-like noncommutativity case.
Comparing to previous results, the total decay rates
are modified by a factor which remains finite throughout
all energy scales. Thus, our results behave much better
than the θ-expansion method when ultra high energy
processes are considered. We expect that similar control
on the high energy behavior can be extended to θ-exact
perturbation theory involving more external fields in the
near future. All of our results show closed/convergent
forms (see Figs. 1 to 3) throughout full interaction
energy scales, thus facilitating further phenomenological
applications. This would provide a considerably im-
proved theoretical basis for research work in the field of
noncommutative particle phenomenology.
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FIG. 3: ∆Γ(Z → νν¯) decay width vs. ΛNC, for κ = 1 (solid)
and κ = 0 (dashed), respectively. Black curves correspond
to θ-exact rate, while straight (red) curves correspond to the
expanded decay rate.
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